We investigate the phase structure of QCD at finite temperature and light-quark chemical potential. We improve upon earlier results for N f = 2 + 1 dynamical quark flavors and investigate the effects of charm quarks in an extension to N f = 2 + 1 + 1. We determine the quark condensate and the Polyakov loop potential using solutions of a coupled set of (truncated) Dyson-Schwinger equations for the quark and gluon propagators of Landau gauge QCD. At zero chemical potential we find excellent agreement with results from lattice-QCD. With input fixed from physical observables we find only a very small influence of the charm quark on the resulting phase diagram at finite chemical potential. We discuss the location of the emerging critical end point and compare with expectations from lattice gauge theory.
I. INTRODUCTION
Heavy ion collision experiments at BNL, LHC and the future FAIR facility are designed to probe the quark-gluon plasma (QGP), the state of strongly interacting matter in the early Universe a few microseconds after the big bang. In the theoretical description of these experiments, in principle two entire quark families have to be taken into account. The effect of charm quarks on the equation of state (EoS) is expected to become significant at top LHC energies reaching temperatures several times the one of the QCD crossover region for light quarks. Hydrodynamical descriptions of the QGP in this temperature region therefore need to incorporate the charm quark in their EoS. However, even at smaller temperatures at or above the light-quark crossover region, the effects of charm quarks on the EoS and the transition temperatures, although predicted to be small by perturbation theory [1] , may not be entirely negligible.
Precise results from ab initio calculations on the lattice at zero chemical potential and physical quark masses are available for N f = 2 + 1 flavors, see e.g. [2, 3] and references therein. For the corresponding case of N f = 2+1+1 flavors only preliminary results for transition temperatures and the equation of state using staggered [4, 5] and Wilson type quarks [6] are available. One of the interesting results of these studies is that charm quarks may not be treated in quenched approximation, i.e. the backreaction of the charm quarks onto the Yang-Mills sector of the theory is quantitatively important [5] .
While the lattice results provide excellent guidance for zero baryon chemical potential µ B , the situation becomes much more challenging at µ B = 0 due to the fermion sign problem. Various extrapolation methods on the lattice agree with each other for µ B /T < 1, see e.g. [7] [8] [9] . For µ B /T > 1, however, uncertainties accumulate rapidly. Thus other theoretical methods are mandatory to complement the lattice calculations.
In this work we use the approach via DysonSchwinger equations (DSEs). We update previous calculations of the N f = 2+1 case and estimate the influence of the charm quark on the phase structure of QCD and the location of a putative critical end point (CEP). One of the advantages of this framework over model treatments is the direct accessibility of the Yang-Mills sector of QCD thus rendering a fully dynamical treatment of all members of the first two quark families feasible. In order to make the necessary truncations of the DSEs well controlled we use constraints such as symmetries and conservation laws as well as comparison with corresponding results from lattice calculations when available. The goal is then to tighten this control to such an extent that reliable results for large chemical potential become feasible.
The paper is organized as follows. In the next section we explain our truncation scheme, which is built upon previous work [10] [11] [12] . We use temperature dependent lattice data for the quenched gluon propagator and implement the back reaction of the quarks onto the gluons by adding the quarkloop in the gluon-DSE. Compared to Ref. [11] , where first results for the N f = 2 + 1 phase diagram have been reported, we correct the value of the input up/down quark masses to their physical values thus improving the agreement with the lattice results at zero chemical potential. We also detail a new procedure to fix the strength of the quark-gluon interaction by solving meson BetheSalpeter equations in the vacuum according to a novel method introduced in Ref. [13] . In Sec. III B we present our updated results for the N f = 2 + 1 case and compare with the results of lattice QCD where available. In Sec. III C we discuss the effects of the charm quark on the QCD phase diagram and conclude in Sec. IV.
II. ORDER PARAMETERS FROM QCD PROPAGATORS
In order to study the chiral and deconfinement transitions in functional frameworks such as Dyson-Schwinger equations (DSEs) or the functional renormalization group (FRG), one needs to specify proper order parameters. For the chiral transition, the condensate of a quark with flavor f , ψ ψ f , can be extracted from the trace of the quark propagator S f (p) via
where Z 2 is the quark wave function renormalization constant, Z m the quark mass renormalization constant and N c = 3 the number of colors. The sum is over Matsubara frequencies ω n = πT (2n+1) and p = (ω p , p). For all flavors with nonzero bare quark mass the condensate is quadratically divergent and needs to be regularized. For dimensional reasons, the divergent part is proportional to the bare quark mass and therefore the difference
fulfils this purpose: the divergent part of the lightquark condensate, l ∈ {u, d}, is canceled by the divergent part in the strange quark condensate. At physical quark masses and small chemical potential, the chiral transition is a crossover, leading to ambiguities in the definition of a pseudocritical temperature. In this work we use the maximum of the chiral susceptibility
as well as the inflection point of the condensate, i.e. the maximum of
∂T . The deconfinement transition has been studied with functional methods via the dressed Polyakov loop [10, 11, [14] [15] [16] , the Polyakov loop potential [12, 17, 18] and the analytic properties of the quark propagator [19] [20] [21] . In this work we use the Polyakov loop potential to determine the deconfinement transition at zero and finite chemical potential.
In [18] the DSE for a background fieldĀ 0 = A 0 has been introduced; see this DSE yields the potential of the background field, which can be connected to the Polyakov loop by
That is, the Polyakov loop evaluated for the background field is an upper bound for the Polyakov loop expectation value. If we drop the two-loop diagrams (the last two in Fig. 1 ), we are able to obtain this potential solely from the QCD propagators. This has been used in [12] for the first time for unquenched QCD and at finite chemical potential. In the same work, it has also been shown that the deconfinement transition temperature agrees with that obtained from the dressed Polyakov loop. Given this agreement, we use the minimum of the Polyakov loop potential in the approximations discussed in [12, 18] as an order parameter for confinement here. In order to determine these order parameters we need to specify the propagators of QCD, i.e. the gluon, ghost and quark propagators. To this end we use a combination of lattice methods and solutions from Dyson-Schwinger equations.
A. Quark and gluon DSEs
The quark and gluon propagators at finite temperature T and quark-chemical potential µ are given by
with momentum p = (ω n , p), ω n = πT (2n + 1) for fermions, ω n = πT 2n for bosons and we use the abbreviationω n = ω n + iµ. The projectors P L,T µν are longitudinal (L) and transversal (T) with respect to the heat bath and given by The DSE for the quark propagator is shown diagrammatically in Fig. 2 . In order to selfconsistently solve this equation, we need to specify the fully dressed gluon propagator and quark-gluon vertex. Model calculations [22, 23] often use simple Ansatze for the gluon propagator that do not take into account the proper temperature and flavor dependence of the gluon self-energy. We prefer to include these important effects by taking the Yang-Mills sector of QCD into account and calculating the backreaction of the quarks onto the gluon explicitly. This framework has been gradually evolved from the quenched case, N f = 0 [10, 24] , to two flavor QCD [11, 16, 25] and recently to N f = 2 + 1 [11] . It is extended here to include effects of the charm quark. We believe such an approach has two distinct advantages over simple modeling. On the one hand it allows us to trace the effects of quark masses and flavors as exposed in the Columbia plot explicitly in the functional framework. On the other hand, it serves to take into account the effects of chemical potential on the gluon section of QCD explicitly, thereby rendering results at finite chemical potential more reliable. Furthermore, in our approach we have access to all fundamental degrees of freedom of QCD, i.e. quark, gluon and ghost propagators, at all values of T and µ. This allows for the calculation of the Polyakov loop potential, see Fig. 1 , and in principle of the full effective action via the functional flow equation.
The key idea of our truncation is to replace the Yang-Mills self-energies of the gluon DSE with lattice data for the quenched propagator. The resulting gluon DSE is shown in Fig. 3 for 2+1+1 flavors. This approximation misses unquenching effects in the Yang-Mills self-energies. At zero temperature, the effects of this approximation can be explicitly determined using the framework of Ref. [26] ; it is below the five percent level. We will later on justify this approximation further, by comparing the resulting unquenched gluon propagator with corresponding lattice results for N f = 2.
With the quenched lattice input, the resulting DSEs for the quark and gluon propagators read
where q = (p − l), S f is the quark propagator for one specific flavor f ∈ {u, d, s, c}, C F =
is the Casimir operator and Γ ν the dressed quark-gluon vertex. The vertex and wave function renormalization constants are denoted by Z 1F and Z 2 ; for the running coupling we use α = g 2 /(4π) = 0.3. The remaining quantity to be determined is the dressed quark-gluon vertex Γ ν . Here we use the same construction as in previous works (see e.g. [11] ), which utilizes the first term of the Ball-Chiu vertex, satisfying the Abelian Ward-Takahashi identity (WTI), multiplied with an infrared enhanced function Γ(p 2 , k 2 , q 2 ) that accounts for the non-Abelian dressing effects and the correct ultraviolet running of the vertex. See Appendix A for more details on our vertex construction. The resulting expression reads where l and p are fermionic momenta and q is the gluon momentum. The dressing functions A f and C f of the quark propagators appearing in Eq. (10) . The only free parameter of the interaction is the vertex strength d 1 , which will be discussed below.
We identify the squared momentum variable x with the gluon momentum q 2 in the quark DSE and with the sum of the two squared quark momenta l 2 + p 2 in the quark loop. This different treatment of the momentum dependence is necessary to maintain multiplicative renormalizability of the gluon-DSE [26] . The renormalization procedure of the gluon DSE has been discussed in detail in [11] . In general, the different quark flavors are coupled via the DSE of the gluon propagator. This leads to a reaction of the strange quark condensate to the chiral transition, as has been shown in [11] . At the same time, the heavy strange and charm quarks influence the light quarks and thus allow for a study of their influence on the phase diagram in the first place, as already discussed above. In principle, however, further coupling effects arise in the DSE for the quark-gluon vertex, which are not covered by our truncation scheme. These effects are 1/N c -suppressed and may be small. Nevertheless they should be explored in future work.
In order to fix the vertex strength d 1 as well as the light, strange and charm quark masses, we follow two strategies: the first one (setup A N f in the following) is to reproduce the condensate from lattice QCD as a function of temperature at µ = 0 for N f = 2 + 1 flavors (similar to the previous work Ref. [11] ) and to add a charm quark without changing d 1 . The second one (setup B N f in the following) is to obtain the masses and decay constants for the pseudoscalar π, K and η c mesons in the vacuum. This is done for N f = 2 + 1 and N f = 2 + 1 + 1 flavors separately. We will see below, that these two procedures lead to slightly different results, which may be associated with the systematic error of our approach.
For the setups B 2+1 and B 2+1+1 we need to solve the Bethe-Salpeter equations for pseudoscalar mesons in the truncation scheme discussed above. Since our quark-gluon vertex contains the quark dressing functions A and C depending on the quark momenta, this cannot be performed with the widely used rainbow-ladder kernel, but requires a more advanced treatment. In the previous work Ref. [11] the Gell-Mann-OakesRenner relation has been used to fix the value of the light-quark mass m l and the ratio m s /m l = 27 subsequently determined the strange quark mass m s . Recent progress in the construction of BetheSalpeter kernels [13] allows us now to solve the full Bethe-Salpeter equation including the Ball-Chiu vertex construction. For all technical details in this respect we refer the reader to Ref. [13] .
Note that in general the parameter d 1 could depend on the quark flavor as well; see [27] for an explicit calculation of the vertex strength for different quark masses. Especially for the charm quark one might expect a significantly reduced infrared strength of the vertex. We checked the influence of the reduction of d 1 for the charm quark by a fac- tor of 2, motivated by [27] . This leads to marginal changes of our results which are within our estimated precision. Therefore we keep d 1 flavor independent.
B. Quark masses and strength of the quark-gluon interaction
In Tables I and II we summarize the resulting sets of quark masses and vertex strengths d 1 for this work. The sets B 2+1 and B 2+1+1 are obtained by solving the Bethe-Salpeter equation as described above, while in set A 2+1 we choose d 1 to match the chiral transition temperature at zero chemical potential for N f = 2 + 1 taken from the lattice [2] , similar as in Ref. [11] . For set A 2+1+1 we merely added an additional charm quark. As can be seen in Tables I and II , the ratio of the strange quark to light-quark mass resulting from the fixing procedure using the Bethe-Salpeter equation is m s /m l ≈ 26, which is very close to the value m s /m l ≈ 27 used in [11] . The ratio of the charm to strange quark mass for set B 2+1+1 is m c /m s ≈ 14. These results are within the same ballpark as results from lattice calculations, see Refs. [28, 29] . Note, however, that the quark masses are renormalization point and scheme dependent, a direct quantitative comparison is therefore not easily possible. For sets A we choose the ratio m s /m l = 27 and inherited m c /m s ≈ 14 from set B 2+1+1 for comparability.
The quark masses depend on the renormalization point ζ, m = m(ζ). We choose a rather large ζ = 80 GeV here, in order to be sufficiently far in the perturbative regime. The seemingly small charm quark masses of m c = 300 MeV and m c = 440 MeV are a result of this large renormalization point. In Fig. 4 we show the quark mass function M (p 2 ) = B(p 2 )/A(p 2 ) for all considered quark flavors to illustrate its momentum dependence. 
FIG. 5. Comparison of gluon dressing functions for
N f =2 in our DSE approach [12] with lattice data [30] . All results have been evaluated at a pion mass of mπ = 316 MeV.
First results for the unquenched gluon propagator for N f = 2 and N f = 2+1 at finite temperature have been reported in Ref. [11] and compared with the lattice results of Ref. [30] . Here we give an update of this comparison with an adjusted vertex strength d 1 and light-quark mass m l in the manner of sets B. For N f = 2 we fixed the parameter d 1 and the light-quark mass using its Bethe-Salpeter equation (BSE) to reproduce the vacuum mass and decay constant of the pion. After that we increased the light quark mass until the result of the BSE matched a pion mass of m π = 316 MeV, leading to d 1 = 5.3 GeV 2 and m l =7.95 MeV. The results for the gluon dressing functions are shown in Fig. 5 . We find large unquenching effects in both, the magnetic and electric part of the gluon propagator. These affect the momentum dependence of the gluon with a large reduction of the size of the bump in the nonperturbative moment region. Furthermore, the quark loop effects even invert the temperature dependence of the electric gluon dressing function Z L : for the temperatures shown the bump in the quenched dressing function increases with T [10], whereas it decreases in the unquenched case. This prediction of the DSEframework has been verified by the lattice calculations [30] . In general, the quantitative agreement between the two approaches is very good and justifies to some extent our truncation scheme.
In Fig. 6 we display our results for the gluon dressing functions with physical up/down and strange quark masses (set A 2+1 ). Compared to Fig. 5 we find a further reduction of the bump in the dressing function due to the increased screening effects of the lighter quarks. The results of Fig. 6 are our prediction for the unquenched gluon at physical quark masses and should be checked by future lattice calculations.
In order to gauge the effects of the charm quark on the gluon we compare the N f = 2 + 1 and N f = 2 + 1 + 1 result (sets B 2+1 and B 2+1+1 ) in Fig. 7(a) for T = 135 MeV, close to the pseudocritical temperature of this parameter set. We observe a further reduction of the dressing functions up to about 15 percent close to the bump and the expected change in the large momentum behavior due to different anomalous dimensions. Similar changes can be observed in the transverse gluon dressing function, not shown in the figure. A good measure for the effects in the deep infrared is the change of the screening mass
in the electric gluon, shown in Fig. 7(b) . We observe that for small temperatures, where the quark contribution to the screening mass is small, charm quarks have a negligible effect. At larger temperatures the effect of the charm quarks is of the order of ten percent, growing to a factor of 4/3 for asymptotic temperatures. In Sec. III C we will dis-cuss the consequences of these changes for the chiral and deconfinement transition.
B. The QCD transition for N f = 2 + 1 quark flavors
Before we discuss the influence of the charm quark, we present the updated results for the chiral and deconfinement transition with N f = 2 + 1 physical up/down and strange quark masses. In the left diagram of Fig. 8 we display the regularized quark condensate as well as the Polyakov loop as a function of temperature at zero chemical potential. Compared to the results reported in Ref. [11] we have corrected a factor of two in the determination of the up/down quark mass. As a result, we find much better agreement with the lattice data especially in the temperature region above the chiral restoration, where the effects of the explicit chiral symmetry breaking are most notable. As explained above, the strength of the quark-gluon interaction, controlled by the parameter d 1 , has been adjusted in our calculation such that the transition temperature of the lattice data is reproduced. The nontrivial result of our calculation is the perfect agreement of the steepness of the chiral transition with the lattice result (see Ref. [33] for a corresponding result in the Polyakov loop quark-meson model). This agreement together with the agreement for the unquenched gluon discussed above, shows that our truncation scheme works very well at zero chemical potential. The resulting transition temperatures from the chiral susceptibility and the the inflection point of the light-quark condensate for set A 2+1 are
Our results for the QCD phase diagram at finite chemical quark potential are shown in the right diagram of Fig. 8 . We extracted the (pseudo-) critical temperature of the chiral transition from the inflection point, Eq. (3). Compared to Ref. [11] we only find small corrections due to the corrected light-quark masses. The chiral crossover, displayed by the dashed black line, becomes ever steeper with increasing chemical potential and turns into a CEP at (T c , µ 
The deconfinement transition line is determined via the minimum of the Polyakov loop potential [12] . The relatively large difference of chiral and deconfinement transition temperatures at small µ is in part an effect of using the inflection point for the Polyakov loop potential on the one hand and on the other hand applying the maximum of the susceptibility in the chiral transition. In [12] the inflection point has been used for both order parameters, yielding closer critical temperatures. At large chemical potential, the deconfinement transition line meets the chiral one at the CEP. To better guide the eye, we have also marked lines with ratios of baryon chemical potential over temperature µ B /T = 2 and µ B /T = 3, further underlining that the CEP occurs at rather large chemical potential.
In order to gauge the quality of our result, a couple of comments are in order. First, note that in our representation of the quark-gluon interaction via Eqs. (10), (11) no explicit effects of the backcoupling of mesons and baryons onto the quark propagator have been included. In principle, such effects are encoded in the details of the Dyson-Schwinger equation for the vertex and have been made explicit in Ref. [34] . In the vacuum, these effects are included implicitly within the form of our vertex Ansatz Eqs. (10), (11) and the choice of the parameter d 1 . At µ = 0 and finite quark mass these effects appear to be unimportant, as demonstrated by the agreement with the quark condensate from the lattice, as discussed above. At finite chemical potential, however, meson and baryon effects in the vertex introduce an additional temperature and chemical potential dependence of the quark-gluon interaction on top of the ones already covered by our Ansatz. For example, in PQM studies mesonic fluctuations have been found to have a large effect on the position of the CEP; see [35, 36] . Furthermore baryon effects, which are certainly important in the low temperature, large chemical potential region in the vicinity of the nuclear liquid-gas transition, may be crucial. Whether these contributions have a large impact on the location (or even on the very existence) of the CEP needs to be checked in future work.
It is tempting to compare our result for the chiral transition line with the lattice extrapolations. To this end we also display in Fig. 8 the extrapolation of the curvature of the chiral transition line from N f = 2 + 1 lattice results of different groups at imaginary and zero chemical potential [9, 31, 32] into the real chemical potential region (for recent results with N f = 2 see [37] ). Overall, the agreement between the lattice extrapolation and our DSE results is quite satisfactory. However, we wish to add that a similar caveat as for the DSEs may also apply to the lattice extrapolation. well not be the final word.
C. Including the charm quark: N f = 2 + 1 + 1
As explained above, there are two possibilities of how the charm quark can be added to our truncation. First the interaction strength d 1 from the N f = 2 + 1 case can be kept fixed and the charm quark merely be added to the system. Such a procedure leads to a reduction of the chiral and deconfinement transition temperatures of ∆T ≈ 23 MeV for all values of the chemical potential. This procedure, however, does not reflect the physics of the charm quark properly and leads to a gross overestimation of its effects. Instead, we follow another procedure and determine the vertex strength d 1 as well as the current quark masses using input from hadron physics at T = 0, as described in Sec. II B (setups B 2+1 and B 2+1+1 ). Our result for the corresponding phase diagram is shown in Fig. 9 , where we used the chiral susceptibility to determine the chiral transition. Note that the transition temperature for N f = 2 + 1 is lower by about ∆T ≈ 20 MeV compared to the one discussed in Sec. III B, due to the different procedure of fixing the interaction strength. One can view this difference as the systematic uncertainty of our truncation scheme. The influence of the charm quark on the chiral and deconfinement transition is almost negligible apart from a small shift of the critical end point towards smaller chemical potential. This confirms our expectations from the unquenched gluon propagator. Despite a 15 percent effect at large momenta, the low momentum change in the propagator is small enough not to affect the chiral and deconfinement properties of the theory. Ultimately, this is tied to the fact that thermal effects in the charm quarks are small due to its large mass. Since the vacuum effects of the charm have been absorbed in the readjustment of the vertex strength from setup B 2+1 to B 2+1+1 , the overall effect of the charm quark is almost negligible. We expect to see a similar behavior in corresponding lattice calculations. In future studies it may therefore be sufficient to include only the dynamics of light and strange quarks.
IV. SUMMARY AND CONCLUSIONS
We solved the coupled system of DysonSchwinger equations for the quark and gluon propagators for N f = 2 + 1 and N f = 2 + 1 + 1 quark flavors using a truncation scheme that takes quark fluctuations in the gluon propagator into account. For the Yang-Mills part of the gluon self-energy we employed temperature dependent lattice data as input. For the quark-gluon interaction we used a form that incorporates temperature and chemical potential effects according to (the leading part of) a Ward identity. Furthermore we adapted the infrared strength of this interaction such that the chiral transition temperature of lattice gauge theory is reproduced. As a highly nontrivial result of our approximation scheme we obtained excellent agreement for both, the detailed shape of the chiral transition as well as the momentum and temperature dependence of the resulting unquenched gluon propagator at zero chemical potential.
From the quark and gluon propagators we determined the chiral susceptibility as well as the Polyakov loop potential as order parameters for the chiral and deconfinement transition. In the resulting QCD phase diagram we identified a chiral critical end point at large chemical potential (T c , µ c q ) = (115, 168) MeV, where µ B /T > 3. Whether our approximation scheme is still trustable at this point remains to be investigated in future work, where we plan to take meson and baryon effects in the quark-gluon interaction explicitly into account.
We also evaluated, for the first time, the effects of a fourth flavor on the chiral critical end point. This affects the light-quark condensate indirectly, via the back coupling of the charm quark onto the unquenched gluon propagator. We established that this effect is sizeable for the momentum dependence of the gluon at intermediate and large momenta. However, for low momenta and for the temperatures relevant for the chiral transition, the gluon propagator remains essentially unchanged such that the chiral transition temperature remains the same within our numerical uncertainty of 1-2 MeV. Finite chemical potential does not change this situation such that the location of the critical end point is hardly affected by the charm. Therefore we established, for the first time in a nonperturbative approach, that charm quarks do not affect the QCD phase diagram.
Comparing the structure of the WTI with the STI one is able to infer additional information on the vertex [26] . First, there is the factor G(k 2 ) on the right-hand side of the STI. The ghost dressing function at finite temperature is known from lattice calculations [10] and exhibits an (almost) temperature independent enhancement at infrared momenta. Approximate treatments of the ghostquark scattering kernel at zero temperature show a similar enhancement in the infrared [39, 40] . In the absence of more information we approximate the combined effects of the ghost dressing function and the scattering kernel by a function Γ(k 2 ), Eq. (11), which is temperature (and chemical potential) independent and a function of the gluon momentum only. The final construction of Eqs. (10), (11) then consists of a factorized non-Abelian part Γ and the leading tensor structure of the Abelian Ball-Chiu construction.
The infrared effects of the remaining parts of the Ball-Chiu vertex as well as the eight transverse parts of the vertex not constrained by the WTI can be thought of as absorbed in the parameter d 1 , representing the infrared strength of all components of the vertex. The resulting dressing function Γ represents the generic momentum running of the leading dressing functions of the vertex as extracted from explicit results for the vertex DSE at zero temperature (see [27] and references therein for recent results): these functions run logarithmically at large momenta, become comparably large at typical infrared QCD scales and then stay constant in the deep infrared. This is the content of Eq. (11).
Clearly, from a systematic point of view our approximation of the vertex is still crude. It contains, however, some important elements which provide some justification for its use. First, it is correct in the perturbative momentum domain, where the leading Ball-Chiu part dominates and the dressing function Γ contains the correct running of one-loop resumed perturbation theory. Second, it maintains charge conjugation symmetry required of the full vertex. Third, it contains at least some of the presumed temperature and chemical potential dependence of the full vertex via the leading Ball-Chiu term. Finally, and most important, it provides for results that reproduce and successfully predict lattice results for the chiral condensate and the unquenched gluon propagator. This is detailed in the main body of this work.
